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1. INTRODUCTION 
We firstly introduce some notation. For a, b E IF@ let a E UP and p E iRn be 
non-decreasing rearrangements of a and b respectively, then we write a CI b if 
and 
If the second condition is replaced by CL, 01~ < CL, /3i we write a ~3 4 b. 
Let a be an n-tuple of non-negative real numbers and S and T integers 
satisfying S 2 T 3 1 then we put 
where the mi’s are integers. When T = 1 we write us instead of us.1 . In [2] 
Daykin obtained the following result. 
THEOREM 1. Let a and b be n-tuples of non-negative real numbers, S an integer 
satisfying 2 < S < n and T a positive integer greater than 1. If a (I b then 
but 
Ida) < us(b) (1.1) 
+.db) < UT,&4 (1.2) 
Equality holds in (1.1) if and only if both sides are zero or a is a rearrangement of b 
whilst equality holds in (1.2) if and only if a is a rearrangement of b. 
As Daykin points out [2, p. 455], when S > T > 1 there is not in general 
a corresponding result to Theorem 1 for oS,T In this note we show that for 
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certain values of S and T with S > T > 1, we can even have a result corre- 
sponding to the generalisation of Theorem 1 which is given by Theorem 2 
below. In so doing we employ an argument which can be used to rectify an 
omission in Daykin’s proof of Theorem 1. 
At the top of p. 455 of [2] Daykin gives a process for changing the Q’S step 
by step into the 6,‘s. By considering the case when 6, = 0, 6, = 3 = 6,) 
6, = 7, ci = 2 = ca , ca = 4, cq = 5 we see that this process does not deal 
with all possible cases. However the defect can easily be remedied by using the 
argument of (b) in the proof of Theorem 3. In proving this theorem we shall 
require the following one [l, Theorem 21. 
THEOREM 2. Let a andb be n-tuples of non-negative real numbers, a = X:=1 a, , 
b = Cy=, bi and S an integer such that 2 < S < n. If  a 4 <I b then 
(9 bus(a) < au.@) 
(ii) anSuS,S(b) < brzsa,,,(a). 
In both cases there is equality if and only ;f  both sides are zero OT a is a rearrange- 
ment of b. 
We now come to our main result. 
THEOREM 3. Let a and b be n-tuples of non-negative real numbers, a = & up , 
b = I:=, 6, and T > 2 an integer. I f  a CI CI b then 
(9 bTunT,T(4 G aTunT,T(b), 
(ii) bTunT-1,T(4 < aTu,T-l,T(b)j 
(iii) For T > r2 > 1 and n >, 2, bT-rZunT-,,T(a) < UT-‘*unrPr,r(b). 
In each case equality holds af and only if both sides are zero OY a is a rearrangement 
ofb. 
Proof. (i) and (ii) together with their conditions for equality follow from 
Theorem 2 since u nT,Tca) = {44>* and unT--l,T(a) = bd41T-1un-d4. 
(iii) Since u,r-r,T(a) = (un(a)}T-ru(n-l,r,c(a) and T > Y*, the result is 
trivial if any of the ai are zero so we may assume ai > 0 and bi > 0 (i = l,..., n). 
Let F(x) = {u,(x)}*u~~-~~~,~(x) then the result will follow from Theorem 2 if 
we can show that F(a) < F(b) when p = Y(Y - 1). 
Suppose bj < b, and, for 0 < E < 6, let ci = bj - E, cg = 6, + E and 
ci = bi for i # j or 6. Now u(,+~)~,~(c) comprises a sum of terms 
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c~~c~~u(,_~)~_~_~,,(c’) where 0 < s < Y, 0 < t < Y, 5 + t > r, c’ denotes c 
lacking the components c, and C~ and the obvious conventions for ~~o-t),-+~,~(c’) 
are adopted for the degenerate cases arising when 11 = 2 or 3. Thus dF(c)/A 
comprises a sum of terms 
c,"-'c~~{u,(c))" ~(,_~,~_~~~.~(c'){-pc~ + pc, + tc, - SC& = G(s, t) say. 
For 0 < E < b, , G(t, t) < 0. Now let t = s + z’ where z.1 > 0 and consider, 
for 0 < E < bj , 
GO, t) + G(t, s) 
= Ck”{(p + S + e’) CJ - (p + S) C!J + Cj”{(p + S) Cj - (p + s + z’) ck} 
= -(p + S)(Ck - q)(c,” + CkS) + wcjck(c~-l - c;-‘) 
< -p(ck - Cj) cgzI + w(w - l)(Ck - CJ CkD 
<O provided p >, V(V - 1). 
Thus for $J = Y(Y - 1) 3 W(O - l), dF(c)/dc < 0 in (0, bj) and F(C) is 
strictly decreasing in [0, !Q]. 
We may clearly suppose that a and b are arranged in non-decreasing order. 
(a) If ai > bi(i = l,..., n- l)thena~~bimpliesai =b,(i= l,...,n- 1) 
a, < 6, and so F(a) < F(b) when p = Y(Y - 1) and there is obviously equality 
if and only if either F(a) = F(b) = 0 or a = b. 
(b) Suppose (a) d oes not hold; let j be the first integer such that uj < bi 
then j < 11 - 1. With the convention 6,+, = 1 + b, if necessary, let K be the 
first integer such that b,,, > bl+l and let 
I 
min(bi - Uj , b,,, - bj+l) if a, < b, 
’ = min(b, - aj , b,,, - b,,, , ak - bk) if uk > b, 
Put c, = bi for i # j or k ci = bi - E and clc = b, + E then CL, ci > CL, a, 
for Y <j and Y > K. Now if there is a t with j < t < R such that & ci < zig1 ui 
then a, > ct and so up > c, = b, for t < q < k. Thus CFzt c, < CiIi ai and, 
since fzk >, a,-, > b, , ~~~~ bi < CFzi a, + E < Cfsl ai - bk i.e. &, bi < 
CL a, and we have a contradiction. 
Thus a 44 c Q b and, from what we have already proved, F(c) <F(b). 
By repeating this procedure we can obtain an n-tuple w such that Wi = U, 
(i = l,..., n - l), w 4 b and F(w) <F(b). Since w, 3 a, F(a) <F(w) < F(b) 
and the theorem is established. 
INEQUALITIES 53 
REFERENCES 
1. V. J. BASTON, Some inequalities involving the symmetric functions, Proc. Edinburgh 
Math. Sot. 20 (1976-77). 199-204. 
2. D. E. DAYKIN, Inequalities for functions of a cyclic nature, J. London Math. Sot. 3 
(1971), 453-462. 
